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History by generations

The results from the experiments with
Bar, to be described here, present a more
complicated situation than those from
similar experiments with forked, de-
scribed in part I of this series (Kerr and
Wright, 1954) because of strong selective
pressures of various sorts. A more com-
plete analysis can be made, however,
because of the possibility of distinguish-
ing accurately all genotypes.

108 lines, cach starting from 4 B/4
females and 2 B/0, 2 +/0 males, were
carried either to fixation or to generation
10 by random selection of 4 females and
4 males as parents in each generation.
The methods were as described in part 1.
In 3 cases, flies selected as parents in-
cluded ones that should not have ap-
peared under simple sex linked heredity.
These could have been due to nondis-
junction but also possibly to nonvirginity
of the females. These 3 vials are omitted
in the analysis of selection coefficients but
as no important changes in gene {re-
quency were involved, the later genera-
tions from them have been included.

Table 1 shows the distribution of fre-
quencies of the Bar gene by generation
without omissiont of any vials. 1t may
be seen that wide variability in F; was

1 Experimental data by W. E. Kerr under a
fellowship of the Rockefeller Foundation ; mathe-
matical analysis by S. Wright. Acknowledg-
ment is made to Dr. Th. Dobzhansky for mate-
rial and for his hospitality during the conduct
of these experiments. Acknowledgment is also
made to Dr. J. Crow for material and sugges-
tions. Analysis was aided by a grant from the
Wallace C. and Clara A. Abbott Memorial Fund
of the University of Chicago.

followed by fixation of type in 15 wvials
and of Bar in one vial in F;. In genera-
tion 10, type had become fixed in 95 lines
and Bar in three, while only 10 lines re-
mained unfixed. Itisevident that selec-
tion strongly favors type but that Bar
can occasionally drift into fixation in
spite of this.

A 2 test of the distributions of unfixed
and newly fixed classes by generation
from generation 4 to 10 (grouping gen-
erations 7 and 8, 9 and 10, classes 5 and
6, 7 to 12) yields a value of 22.2, 24 de-
grees of freedom and a probability be-
tween .50 and .70. It is evident that
equilibrium of the form of the distribu-
tion was substantially reached by gen-
eration 4 and that an average of 22.09%
of the unfixed classes became fixed per
generation with respect to type and 0.79,
with respect to Bar.

The selecition coefficients

Table 2 shows the results from vials
according to the arrays of parents. The
experiment was not designed for analysis
of the mode of selection but something
can be deduced. The small numbers of
flies counted per vial makes it necessary
to consider many vials to obtain signifi-
cant results but has the advantage that
the results do not depend much on the
peculiarities of selection in particular
cases. F; (mothers 040, fathers 22) is
here excluded as it is desirable to sepa-
rate it from the others because of possible
systematic differences.

Tables 3 and 4 show the numbers of
Bar and type sons produced by different
groups of females (no B/B in (3), B/B
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column 004 refers to vials in which there were 0 B/B, 0 B/+ and 4 +/+ females

and similarly with the others.

The row 04 refers to vials in which there

were 0 B/0 males, 4 + /0 males, and similarly with the others.

TasrLe 1. The distribution of numbers of Bar genes represented in each generation among 108 lines
consisting of 4 males, 4 females each. Newly fixed genes are distinguished
from those fixed in previous generations.
Generation
No. Bar
genes 0 1 2 3 4 N 6 7 8 9 10 4-10 %

Old 0 15 30 43 55 65 18 88 91
New 0 5 15 13 12 10 13 10 3 4 65 22.0
1 8§ 12 10 17 10 11 7 5 3 4 57 19.3
2 7 13 16 14 14 6 3 1 2 2 42 14.2
3 2422 10 5 9 8 6 2 4 1 35 11.9
4 2320 16 10 6 4 3 2 1 1 27 9.2
3 21 11 13 4 2 3 4 4 2 1 20 6.8
6 108 17 8 5 7 4 5 2 i - — 19 6.4
7 3 3 3 3 3 2 2 1 1 1 13 4.4
8 3 2 3 2 — 2 T - - — 5 1.7
9 2 — 1 2 3 1 1 — 7 2.4
10 1 1 _ = — 1 0.3
11 — 1 1 — 2 0.7
New 12 i 1 —  — 1 2 0.7

Old 12 1 1 1 1 2 2 2 2
Total 108 108 108 108 108 108 108 108 108 108 108 295 100.0

TABLE 2.  The offspring of 4 males, 4 females picked at random, from vials of each type. The

Mothers

Fathers Offspring 004 013 022 031 040 103 112 121 130 211 220 301 310 400
04 B/B 0o 0 0 0 0 0 0 0 0
B/+ 31 26 13 28 0 1 7 4 1
+/+ 181 78 23 20 4 11 5 4 3
B/0 17 28 11 19 0 4 4 3 2
+/0 195 76 25 29 4 8 8 5 2
13 B/B 0 t 3 2 1 0 0 ©O0 2 4 0 3
B/+ 11 20 35 34 14 6 71 7 8 11 6 |
+/+ 113 111 90 44 13 10 17 13 6 5 6 O
B/0 0 27 39 27 15 2 7 10 8 11 7T 4
+/0 124 105 89 53 13 14 17 10 8 9 5 0
22 B/B 0 6 5 7 6 0 3 5 1 0 5 0 2
B/+ 26 35 58 34 31 0 7 7 12 2 12 8 9
+/+ 54 111 69 59 31 8 6 & 3 2 3 0 1
B/0 0O 12 43 40 31 0 4 7 7 0 13 3 6
+/0 80 140 8 60 37 & 12 13 9 4 7T 5 6
31 B/B 0 0o 7 7 6 3007 1 6 4 1
B/+ 4 15 32 20 9 4 17 5 7 4 3
+/+ 8 17 25 20 5 142 3 0 0
B/0 0 0 18 27 13 4 15 5 12 8 4
+/0 12 32 46 29 7 4 13 3 4 0 0
40 B/B 1 0 4 1 4 4
B/+ 15 4 4 3 8 0
+/+ 0 0 0 6 0 0
B/0 3 3 4 2 6 4
+/0 13 1 4 2 6 0
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"TABLE 3. Sons from vials with no B/B wmothers.
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Viability (Vo) of B/0, relative to -+ /0, estimated

on the hypothesis of no differential productivity. Productivity (Usy) of B/+, rela-
tive to 4/, estimated on the hypothesis of no differential viability.
Expectation on the hypotheses Vip = 1, Upy = 1.

Mothers Sons Sons (exp.)
B B + B -+ B +
_ = - — Sk SI = —
B + + 0 0 Total Vo (Van =1) Us. (Us.=1) Q 0
0 1 3 50 485 544 .85 1t .83 ) 68.0 476.0
0o 2 2 131 301 432 1.31 13 1.54 A7 108.0 324.0
0 3 1 105 167 272 1.05 15 113 31 102.0 1700
0 4 O 82 90 172 91 13 — — 86.0 86.0
Total (excl. 0 4 0) 295 953 1248 1.004 105 278.0 9700
Total (incl. 0 4 0) 377 1043 1420 1.053 .06 364.0 1056.0

TABLE 4. Sons from vials containing B/B mothers. Productivity (Uss) of latter estimated on
hypothesis that Us. = 1, Vgo = 1. Expectation on these hypotheses
and the hypothesis that Ugs = .37.

Mothers Sonsg Song (exp.)

B B+ B T SE B+

Classes B+ -+ 0 0 Total Uss  SE  (Ups=.37) 0 o
4 1 - - 88 144 232 41 15 Ad 86.0 146.0
2 2 - - 45 31 76 41 19 .18 43.9 321
23 - - 25 11 36 41 18 A7 24.6 11.4
Total 8 158 186 344 408 .098 .092 154.5  189.5

present in (4)). Tables 5 to 9 show the
numbers of B/B, B/+ and +/+ daugh-
ters from various groups of parents (no
B/B mothers or B/0 fathers in (5), no
B/B mothers or -+/0 fathers in (6), at
least one B/B mother present, fathers all
+/0 or all B/0 in (7), no B/B mothers,
mixed fathers in (8) and at least one B/B
mother, mixed fathers in (9)). Table 2
must be referred to for a detailed account
of the types of mating in these cases.

Thesge are analyzed in terms of the
following parameters:

In cases in which all three types
of daughters are expected the analysis
has been made in terms of genes: pg =
pee + (1/2)psy, Py = pyr + (1/2)pns,
ng = 2ngp + npy and n,; = 2n;, -+ np,.

The method used has been to find the
value of the parameter under considera-
tion which maximizes the probability of
the observed numbers. It has been
shown that this method does not always
give the best estimates in such an abso-
lute sense as supposed by Edgeworth
(1908) and Fisher (1921) (method of

B/B B/+ +/+ B/0 +/0
number of parents in vial fsn fuy fop fuo fio
relative productivity of parents Usn Un, L Usy 1
relative viability of offspring Vin Vi, 1 Vo 1
probability of offspring genotype Prn P ST Das Pro
observed number of offspring Npy npy Myt NBo 0

nr is the sum of the n’s in any case.
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“maximum likelihood’) (cf. Neyman,
1951) but in such a case as the present
there seems to be no better method, with
the qualification that we have not at-
tempted any simultaneous determina-
tions.

As the results from any one population
type are here reduced to two alternatives,
the quantity to be maximized is of the
form ps™ipe™2. The equation to be solved
for a productivity coefficient U (and
similarly for a viability coefficient V) is
thus

d d
nla_[_] log p: -+ n2d—U- logp: =0

The best estimate from a series of
population types is obtained by iteration
on equating the sum of such expressions
to 0.

The variance from a single population
type is given by the formula

2

1 d
— = — (ny + ny) Pld_ﬁEIngl

g
d2
+ po av log p2]

on substituting 1 for U (or V), if it is
concluded that the difference from 1 is
negligible, or by substituting the value of
U (or V) that has been obtained, if this
seems to differ significantly from 1. The
variance for the estimate from a series
of population types is obtained from the
sum of such terms.

As the individual fly is taken as the
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unit, no cognizance is taken of possible
heterogeneity among vials. The stand-
ard errors would be larger if such hetero-
geneity exists. The factor cannot be
large in view of the uniform small num-
ber (4) of flies of each sex counted in
each wvial.

From the fourth entry in table 3, it
may be seen that vials in which all 4
females were B/+4 produced 82 B/0;
90 +/0 sons indicating a relative via-
bility of .91 for B/0 which does not differ
significantly from 1. In F,, however,
there were 192 B/0: 240 +/0 sons from
B/+ females, which differs from equality
by 2.3 times its standard error. It indi-
cates a relative viability of .80 for B/0.
The results from the other entries in this
table can be interpreted either on the
basis of differential viability of the B/
and /0 sons or of differential produc-
tivity of the B/+ and + /4 mothers or
a combination.

In estimating as differential viability it
is convenient to use r = 5, /(fp + 2f,,).

I‘VBO nBo 1 ndp ¢ b
1 + Vg 1+ rVso 18 o be

maximized.
n+0r) =0

sf 1 ) meo
1+ 1Veo/ \Vso

1
— = 2[nrr/Vee(1 4 rVso)?]

In estimating as differential produc-
tivity

fp,Uny + 26,

[ fB+UB+

HB+[
2(fp4 Upy + 114) ]

is to be maximized.

£y

n+o
2(tp1 Uny + f44) ]

1y ()fB+

g
E[(fB+UB+ + f++) (UB+ "~ (fpa Uy + 204)

]=0

nrfgf, 2

1
—=
o’ [(fB+UB+ + 142 (fe4 Usy + 2f++>UB+]

The second entry in table 3 seems to
indicate significantly superior viability
of B/0 males or superior productivity of

B/ -+ mothers but the total for all entries
does not differ significantly from 1 on
either basis. Other experimenters have



GENE FREQUENCIES IN SMALL POPULATIONS

found inferior viability of Bar (e.g. Petit,
1951, ‘\]]30 = .68 =+ 12, Teissier VB() = 67
as quoted by Petit). It is possible that
there may be inferior viability of B/0
but superior productivity of B/ in our
data but the adoption of even a slightly
lower viability B/0 leads to highly incon-
sistent and on the average very high
estimates of productivity of B/+ though
somewhat subnormal wviability of the
same (e.g. if Vpo = .80, Up, comes out
1.52 and Vg comes out .90). It is prob-
able that there is some sort of selection
advantage of the heterozygotes as indi-
cated by the persistence of Bar for very
long periods at very low frequencies in
the experimentsof I.’Heritier and Teissier

2fprUps + fu;

2129

(1937). Petit (1951) and Teissier ob-
tained selective values of 1.062 & .12
and 1.24 respectively. We will however
adopt the simplest hypothesis that is
compatible with the present data, viz.
that there is no differential viability of
B/0 and +/0 males and no differential
productivity of B/4+ and +/+ females.
The coefficients may of course be ex-
pected to have different values under
different conditions.

The data of table 4 are interpreted on
the above basis and thus as involving
only possible differential productivity of
B/B females relative to B/+ and +/-+
collectively. The expression to be maxi-
mized in each case is

fB+ + 2f++

[ 2(fgplUss + for + f14) ] [
ngo(fey + 2f,,)

fBB

4
2(fgeUpp + faq + f14) ]

)
fesUse + fny + f++)(

(2fseUss + f8.) “*") =0

1 \l
_,M,:ZI'IT

There was significantly low produc-
tivity of B/B (Upp = .41 & .10). The
number of Bar females seems to make
no difference in the estimate.

We turn now to the deductions from
the daughters. In table 5 with no B/B
mothers, the results can be interpreted
either as due to differential viability of
B/+ and 4 /4 daughters or (again) as
differential productivity of B/+4+ and
+ /4 mothers or a combination. The
formulae are the same as those for the
sons with obvious substitutions.

The results are much like those for the
sons in table 3. The present data do
not warrant any but the simplest hy-
pothesis, viz. that there is no significant
difference between B/ + and + /+ either
in viability or productivity.

Table 6 shows the results for 28 females
from wvials in which all 4 fathers were
B/0 and no B/B mothers were present.
The results suggest low viability of B/B
females (.61 &= .32) in harmony with

(fpy + 2f, ) fng? ]
(feeUss + fa; + f1)?(2fpsUss + f44)

Petit and Teissier (.75 =+ .15, .84 respec-
tively) but are obviously highly inade-
quate. It will be assumed for simplicity
that there is no differential viability in
view of the apparent absence of signifi-
cant wviability differences among the
males in our own data.

Table 7 summarizes the few cases in
which at least one B/B mother was
present and the males were of a single
genotype. These indicate very low pro-
ductivity of B/B females. On combin-
ing with the earlier estimate, we arrive
at .369 - .087 as the final estimate for
Uss.

Table 8 summarizes the data on daugh-
ters from vials in which B/B females
were absent but both B/0 and +4/0
males were present. It is assumed that
there are no selective differentials except
in productivity of B/0 and +/0 males.
The frequency of the Bar gene among
the daughters is theoretically the average
of that in the gametes produced by the
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TaBLE 5. Daughters from vials withbut B/B wmothers and only -+ /0 fathers. Interpreted alternatively
on the hypotheses of no differential productivity of B/+4+ and +/+, or no differential
viability of B/+ and +/+. Expectation on hypotheses: Vg, = 1, Up, = 1.

Daughters
Mothers Fathers Daughters (exp.)
BB+ B+ B B + B T
- - = - = — SE SE — —
B + + 0 0 B + 4+ Total Vey (Vi =1) Uss (Upy=1) + +
013 0 4 0 31 181 212 1.20 24 1.24 .24 26.5 185.5
0 2 2 0 4 0 26 78 104 1.00 .23 1.00 .34 26.0 78.0
0 3 1 0 4 0 13 23 36 94 34 87 — 13.5 22.5
04 0 0 4 0 28 20 48 1.40 .29 24.0 24.0
Total (excl. 0 4 0) 0 70 282 352 1.14 .19 66.0 286.0
Total (incl. 0 4 0) 0 98 302 400 1.131  .126 90.0 310.0

TABLE 6.

Daughters from vials without B/B mothers and only B/0 fathers.

Interpreted

on hypothesis of no differential productivity of B/+ and +/+.
Expectation on hypothesis: Vg = 1, Usy = 1.

Mothers Fathers Daughters
B B + B + B B + . Daughbters (exp.)
Classes B + 4+ 0 0 B + 4+ Total Vs SE Ves =1 Vg =1
3 0o - - 4 0 5 23 0 28 61 4= .32 A7 7.0 21.0 0.0
parents. The data are classified both according

_ _1_[( fseUso )
P2 = 2 \inoUso + fio

* (. 100)|
2fwr + )

The expression to be maximized is
ps™®(1 — pe)™*.

Let A = fpofo/[2(fzoUpo + f10)%].
ZA[2nps +np; — 20rpe_l/pe(l —ps) =0

= = S[meA%/pa(t — pr)]

to the relative numbers of B/+ and
+/-+ mothers and to the relative num-
ber of B/0 and 4 /0 fathers. In neither
case is there a consistent trend. The
grand average Upo = .264 == .040 indi-
cates very low productivity of B/0 males
under these conditions. F; from 4 B/+
females; 2 B/0, 2 +/0 males in each
vial, gave 28 B/B; 210 B/+4:194 4+ /4
daughters, indicating even lower relative
productivity of B/0 males (.125) than in
the later generations.

The remaining data (table 9) are those

TasrLe 7. Daughters from vials including B/B mothers and either /0 or B/0 fathers exclusively.
Interpretation on hypothesis of no differential viability. Expectation on
this hypothesis and hypothesis that Ugss = .37.
Mothers Fathers Daughters Dauglhters (exp.)
B B B + B B + SE B B +
Classes E 1 I E F E : : Total Usnn SE (Usp=.37) B + —+
5 1,2 - - 0 4 0 13 27 40 0 154 246
3 1,3 - - 4 0 9 11 0 20 11.3 87 0O
8 1,3 60 A26 168 276
8 1,3 (sons, table 4) 344 408 098 .092
16 1-3 404 369 .087 .087
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TABLE 8.
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Daughters from vials without B/B moathers, classified according to numbers of B/+ and
4/~ wmothers or according to number of B/0 and +/0 fathers.
on the hypothesis of no differential viability.

Interpretation
Expectation on

this basis and hypothesis that Uge = .26.

Mothers Fathers Daughters Daughters (exp.)

B B + B 4+ B B + B B +

Classes B + + o o B 4+ + Total Uso SE B I +
3 0 0 4 + + 0 41 175 216 .36 .08 0 31.7 184.3
3 01 3 + + 7 70 239 316 18 .08 7.0 814 2276
3 0 2 2 + + 15 125 184 324 31 .09 16.4 113.7 193.9
3 0 3 1 + + 16 97 123 236 15 10 19.3 101.4 115.3
3 0 4 0 + -+ 13 54 49 116 .23 NE! 12,5 58.0 45.5
5 0o - - 1 3 7 114 371 492 .25 .09 7.4 117.0 367.6
5 0o - - 2 2 24 184 324 532 .28 .05 25.5 182.3 324.2
5 0o - - 3 1 20 89 75 184 24 .08 22.3 869 74.7
15 0 - - + + 51 387 770 1208 204 .040 55.2 386.2 766.6

in which B/B females and both type of
males are present. The value U = .37
is adopted from table 7 and the data
used for an estimate of Ugg in the pres-
ence of at least one B/B female. The
formulae are the same as above except
that

B _1_[( fgoUso )
PE = 2] \soUno + f10

n ( 2fppUps + {5y )]
2(fBBUBB + fB+ + f++)

The results indicate significantly im-
proved productivity of B/0 males when
B/B females are present (Ugpy = .59 =
.16). Subdivision, according to the rela-

tive numbers of B/0 and 4 /0 males,
suggest decline of productivity per B/0
male as the numbers of such males in-
crease and subdivision according to the
number of B/B females suggests increase
of productivity per B/0 male as the
number of B/B females increases, both
in the direction of assortative mating,
but not significantly.

Summing up, this analysis indicates
that the present data can be interpreted
adequately without assuming any differ-
ential viability, or any difference in pro-
ductivity of B/+ and +/-+ females but
productivity of B/B females only 379,
of that of B/+ or +/+, and produc-
tivity of B/0 males only 269, of that of

TABLE 9. Daughters from vials including B/B mothers classified according to numbers of B/0 and /0

fathers or numbers of B/B mothers.

Interpretation on hypothesis of no differential

viability. Expectation on this basis and hypothesis that
Usgo in presence of B/B females is .59.

Mothers Fathers Daughters Daughters (exp.)
B B + B+ B B + "B B T
Classes E : ——; F _(; E 1 : Total Ugro SE E _—; -+
7 -3 - - 1 3 9 46 57 112 .66 .35 7.2 478 3570
8 1-3 - - 2 2 16 57 31 104 58 .24 18.5 51.5 34.0
6 14 - - 3 1 22 40 10 72 .55 .29 24.4 354 122
11 1 - - 1-3 3-1 22 80 78 180 .55 21 237 80.3 760
5 2 - - -3 3-1 15 38 19 712 .67 .35 14.6 36.5 209
5 3,4 - - 1-3 3-1 0 25 t 36 .69 41 11.8 17.8 6.4
Total 21 47 143 98 288 .58% 163 50.1 134.6 103.3
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4/0 males in the absence of B/B fe-
males, rising to 599, in the presence of
at least one of the latter.

A comprehensive test can be obtained
by calculating the expected numbers of
each kind of offspring from each popu-
lation type in table 2 on this basis, omit-
ting F,. These calculations are sum-
marized in the last 2 or 3 columns of
tables 3 to 9. x* was calculated in each
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be expressed in simple formulae with
sufficient accuracy for most purposes in
cases in which the selective differentials
are all small. The present data are not
among these cases. The distribution of
gene frequencies in the offspring can,
however, be tabulated for the parental
groups with each possible gene frequency
from 1/12 to 11/12. The mean change

case. A condensed summary is given in gene frequency (Aq) and the variance
helow. of changes (0;,?) can then be expressed
Classes DF x? Probability
Tables 3, 5,6 (all V's = 1, U, = 1) 9 9 11.41 .20-.30
Tables 4, 7 (all V’'s = 1, Ugp = .37) 5 4 1.85 .70-.80
Table 8 (all V's = 1, Ugy = .26) 3 5 .53 ca .99
Table 9 (all Vs = 1, Ugp = .37, Upe = .59) 3 5 2.95 .70-80
20 23 16.74 .80-90

It is obvious that no more complicated
theory is necessary to account for the
present data.

Rate of change of gene frequency
per generation

The theoretical relation between gene
frequencies in successive generations can

as empirical functions of parental gene
frequency.

Table 10 and fig. 1 give these and re-
lated statistics (excluding F;). The ob-
served values of Agq may be compared
with those expected (ci) on the hypoth-
esis of no differential viability, Upp = .37,
Ugpg = .26 in the absence of B/B females

TABLE 10. Frequency of parenial populations (generations I to 9) with each number of Bar gences,
change of gene frequency (Aq) to nexi gemeration ratio, Aq/q{1—q), variance (o542) of frequencies in

offspring generation and ratio g(1 —q) /as

that selection pressure is empirically of the form Aq = —.35q(1—q).

The relative constancy of the ratio Aq/q{1 —q) indicates

The average of the ratio

q(1 —q)/os4® indicates a value of 2N, of 9.74. The calculated values c; are those expected from the
vials, classified according to the number of Bar genes among the parents on the hypotheses of no
differential viability, Upp = .37, Upo = .26 in absence of B/B females but .59 in their presence.

The calculated ¢, are from the empirical formula Aq = —.35q(1 —q).
No.
No. parents Ag Aq a(t —q)
Bar (gen.)
genes (1-9) aq 0 c1 c2 q(l—q) aget a5,
1 84 .0833 —.0248 —.0209 —.0267 —.325 .0063 121
2 77 1667 —.0314 —.0491 —.0486 —.226 0141 9.9
3 88 .2500 —.0814 —.0738 —.0656 —.434 .0200 9.4
4 84 .3333 —.0724 —.0749 —.0778 —.326 0226 9.9
5 63 4167 —.0939 —.0879 —.0851 —.386 0259 9.4
6 49 .5000 —.0884 —.1014 —.0875 —.354 .0348 7.2
7 21 .5833 —.0793 —.1060 —.0851 —.326 0399 6.1
8 12 .6667 —.0903 —.1009 —.0778 —.406 0119 18.6
9 10 .7500 —.1500 —.0947 —.0656 —.800 .0321 5.8
10 2 .8333 0 —.1116 —.0486 —.0 0556 2.5
i1 2 9167 —.0417 —.0559 —.0207 —.5406 0313 2.4
492 —.3511 9.74
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The observed average rate of change in gene frequency per generation is

The

rates of change, calculated on the hypothesis that Ugg = .37, Ugy = .26 in the absence

of B/B females, .59 in their presence, are indicated by short lines.
calculated from the empirical formula Agq =
Parentheses indicate observations based on highly inadequate numbers of cases.

curve.

but .59 in the presence of at least one
B/B female. Calculations were made
for every type of population in table 2.
It may be seen that these theoretical
values agree fairly well with those ob-
served. A comparison of observed and
calculated numbers of each genotype at
each parental gene frequency (grouping
10/12 and 11/12) yields x* = 17.5 for
females (about 16 degrees of freedom,
probability .20-.30), x> = 14.2 for males
(about 9 degrees of freedom, probability
.10-.20), with a total x® of 31.8, 25 de-
grees of freedom, probability .10-.20.

The observed wvalues of Aq divided
by q(l—q) vyield a series of wvalues
with weighted average s = —.351 and
only a slight trend (s = —.344—.024q).
The simple empirical formula Aq =
—.35q(1~—q) is adequate for most pur-
poses.

The theoretical formula for selection
in the simple case of an autosomal semi-
dominant gene in a large population is
Aq = sq(1—q). The approach to this
form in the present case in spite of the
recessiveness of selective disadvantage
in females (U, = Ugy = 1, Ugg = .37)
is due in part to the higher gene fre-
quency in males than in females for most
values of q which throws the point of
maximum selection in males at values of

The rates of change
—.35q(1 —q) are indicated by the smooth

q less than .50, and to some extent to the
falling off of selection in males at high
values of q due to the presence of B/B
females.

The variance of gene frequencies takes
the form q(1—q)/2N, where N, is the
effective size of population. Table 10
shows the ratios q(1—q)/os® as esti-
mates of 2N.. There is considerable
irregularity but no well defined trend.
The weighted average is 9.74 to be com-
pared with the theoretical value 13.53
in populations of 4 females, 4 males (with
sex linkage, no selection and fluctuation
due merely to accidents of sampling).
The value indicated by the rate of fixa-
tion of forked and its type allele, with
very little selection, was 11.22,

The distribution of gene frequencies

It is of interest to compare the ob-
served distribution of gene frequencies
after attainment of equilibrium of form
with that expected under the observed
selection pressure and observed effective
size of population. We may safely use
the model of a monoecious diploid popu-
lation.

The class with gene frequency q con-
tributes to the classes of the next genera-
tion according to the expansion of

[(1—q—Aq)(B*)+ (q+ Aqg) (B) N:f(q)
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where {(q) is the frequency at gene fre-
quency q.

The conditions for stability of form
under fixation at the constant rate k can
be represented as follows writing q and

1—-1/2N

(2N)!
(2Np1)1(2Ng1) ! g=17on
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q: for the frequency of donor and re-
cipient classes with respect to B, and
p = (1—q) and p; = (1—qy), and writ-
ing N here for effective size of popu-
lation.

> [la+ AgQ)®™a(p — Aq)™rf(q) ] = (1 — k)f(qy)

As brought out later, the form depends largely on the value of 2Ns (= —3.40).
As it is convenient to use the integer 10 for 2N, s will be taken here as —.34.

20!

e (3091 2 (@ — 34 pa) e (p + 34 pa)*ni(e) = (1~ K)f(an)

Starting from a population with gene
frequency .50, the distribution for succes-
sive generations (total, including newly
fixed classes, 1.0000) is given in table 11
for generations 1 to 10, generation 13 in
which fixation of type reaches its maxi-
mum and for an indefinitely large num-
ber of generations. The distribution is
sufficiently close to final form from gen-
erations 4 to 10 to give an appearance
of uniformity with such numbers as were
available in our data.

The limiting rates of fixation of type
and Bar come out 20.29, and 0.759, in
good agreement with the observed 22.09,
and 0.7%,.

T (2N)

Unfortunately the calculated frequen-
cies for the unfixed classes cannot be
compared directly with the observed dis-
tribution because of the difference in
number of classes. It may be shown,
however, that the goodness of fit depends
much more on 2Ns than on N itself
by considering the extreme case in
which N is indefinitely large but 2Ns is
still — 3.40.

The condition for stability of form in
this limiting case can be represented suf-
ficiently accurately by replacing summa-
tion by integration, f(q) by ¢(q)/2N or
p(q)dq, and (x)! = T'(x + 1) = xT(x)

plqll‘(ZNpl)I‘(Zqu)j; (@ + AQ)®u(p — AQ)™N*1p(q) dg = (1 — k) e(q1)

TasLE 11.

The theoretical distribution of gene frequencies among populations in which 2N = 10,

Aq = —.349(1—q), in successive generations, starting from g = .50. The entries in rows 0 and 10

represent the frequencies of newly fixed populations.

Fixation reaches a peak in generation 13,

close to the limiting rate. The last column gives estimates from the distribution for 2N = o,
2Ns = —3.4.
Generation 2N =

Nl(g). of 2N =10, 2Ns = —3.4 2Ns=—3.4
I

ge:es 0 1 2 3 4 6 8 10 13 ©
0 .0047 .0601 .1240 .1610 .1911 .1998 .2021 .2026 .2019 .2066
1 0333 1280 .1813 .2064 .2252 2304 .2317 .2318 .2311 .2602
2 1063 1734 1798 1782 755 1743 1738 1735 .1731 1704
3 2011 1846 1558 .1396 .1263 .1223 .1210 .1205 .1204 1142
4 2497 1646 .1241 1051 0905 .0862 .0850 .0846 .0847 .0783
5 1.0000 .2125 .1260 .0918 .0765 .0650 .0618 .0609 .0607 .0610 .0551
6 1256 0833 .0632 .0538 .0468 .0449 0444 .0444 .0448 .0397
7 0509 .0473 .0404 .0365 .0336 .0330 .0330 .0331 .0335 0293
8 0136 .0224 .0236 .0237 .0239 .0241 .0244 .0246 .0250 0222
9 .0021 .0083 .0119 .0138 .0155 .0162 .0165 .0168 .0170 .0171
10 .0002 .0020 .0041 .0054 .0066 .0070 .0072 .0074 .0075 .0069

Tot 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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The solution for selection pressures of
the fairly general form Aq = (s + tq) X
q(1—q), which allows for any degree of
dominance, has been given in powers of
s and t jointly, for very small k (Wright,
1942). It would be very tedious to solve
it in this way for nonnegligible k since
the value of k in relation to s and t must
be established by repeated trial. Fortu-
nately for our present purpose, the case,
Aq = spq, is much simpler. The method
used in a previous paper (Wright, 1931)
leads at once to a solution in the form

e(q) = e™3(ag + a,q + a,q® + asq®- - )

in which s appears in the a’s only in even
powers, after dropping terms in which the
exponent of N isless than thatofs. Thus
the value of the power series remains the
same on reversing the sign of the selec-
tion. As the distribution must remain
the same in the case Aq = sq(1—q) on
reversing the sign of s and replacing q
by (1-—q), it is evident that a series of
the form

o(q) = Ce™sa(1 4 Cipq + Ca(pq)?
+ Cs(pg)? -+ )

can be used to advantage. In this case
the coefficients came out as follows to a
sufficient approximation.

C1 = (1 - ZNI{)

C2 = %[6 - 2N1{>C1 + 2N252:|

Cy = (15 — 2Nk)C, + 2N22C, ]
2

RREICEY

{{n(2n — 1) — 2Nk]
X Cn~1 + 2N2$2Cn—2}

The same result can be obtained from
the Focker-Planck equation

1 02 R
29q° [ose(q, t)]

~ s [8ae(q, 0] = E00

in the form appropriate to constancy of
form (excluding the fixed classes) with
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decay at the rate k per generation
(Wright 1945).

1 d2
2dq [osa®e(q) ]

4
dq
For o3¢ = q(1 — q)/2N, Aq = sq(1 — q)

this reduces to

[Aqe(q)]+ ke(q) =0

d2
P (a1l — g elq)]
d
— 4N q [a(1 — @) e(q) ]+ 4Nke(q)

On substituting ¢(q) = e?Nsax(q) we get
after some reduction

d?x (q) [ 4Nk ]
— 4Nz —~ —— =0
dq? T x(@)
If

x(q) = [1 + Ciq(1 — q)
+ Cog?(1 — @)? -+ -]

as assumed above, we are led to the same
relations among the coefficients as by the
other method in this case without drop-
ping small terms, as approximation is
already introduced in the use of the
Focker-Planck equation.

After n(2n — 1) has become greater
than 2Nk, the first term in C, has the
same sign as C,_;. The second always
has the sign of C,_,. Thus if two suc-
cessive coefficients (after this point) ever
have the same sign all later ones must
have the same sign and will soon begin
to increase. The series of coefficients
becomes either divergent positive or neg-
ative unless there is a relation of 2Nk to
2N2%? at which the coefficients continue
to alternate in sign and approach zero.
The rapidity of divergence, one way or
the other, is so great that it is easy to
locate to any required number of decimal
places the desired value of ZNk. This
may be taken to be the limiting rate of
fixation under the assumed selection.
The final steps in the present case were
as follows:
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Trial values of 2Nk

2.13536800 2.13536802 2.13536810
C; —1.13536800 —1.13536802 —1.13536810
Ca + 46407350 + 46407348 4- 46407341
C; — .09871538 — .09871544 — .09871568
Cy -+ 01291079 + .01291063 - .01290997
Cs — .0011439  — .0011444  — .0011464
Cs -+ .0000747 4 .0000732 4+ .0000674
C; -+ .0000011 — .0000039  — .0000239
C: + .0000154 — .0000012 — .0000674

A number of trials led to the value
2.135368 for 2Nk. Using this, the co-
efficients alternate in sign to Cg but
thereafter all are positive and are diver-
gent (after Cy). This shows that this
estimate of 2Nk is too small. On trying
2.1353681 the signs alternate down to C;
but are all negative thereafter, showing
that this estimate is too large. Interpo-
lation suggests 2.13536802. This also
turns out to be too large but is correct
for 9 significant figures.

It has been found empirically that for
values of 2Ns up to 1, 2Nk is given to
11 significant figures by

(2Ns)?  (2Nsg)*
- ~ 7000

2Nk =1

 (2Ns)*
1,050,000

This is accurate to 6 significant figures
up to 2Ns = 4, to 3 significant figures
for 2Ns = 6.

1t is desirable to determine whether
the value of 2Nk, determined above, is
consistent with the rates of fixation of
the two alleles for given 2N, deducible
from the terminal ordinates of the dis-
tribution.

In the absence of selection, the formula
for the distribution curve reduces at once
to ¢{(q) =1 or f(q) = 1/(2N). The
chance of fixation in a population with
r representatives of the specified allele is
et (from the Poisson Law). The total
amount of fixation of this allele should
thus be

— .000,000,004 (2Ns)*

1
et et e -) = .582/(2N)
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if all classes have the frequency 1/(2N)
(Wright, 1931). As the actual rate is
exactly 1/(4N) (in the ideal case of com-
pletely random union among 2N gametes)
the above approximate formula for the
curve must be considerably modified near
the terminal ordinates. The correction
to be applied to the approximate for-
mula ¢(q) = 1 was determined by Fisher
(1930) on inspection of the above paper
in manuscript: .8182 for the class with
one of the genes, .9168 for that with two,
.0449 for that with three, .9583 for that
with four and thereafter 1 — [1/(6r)].

If selection is present and 2N is indefi-
nitely large, the frequencies from the
approximate formula

f(q) = Ce™=1(1 + Cipq
+ Ca(pq)? -+ - J/(2N)

take the value C/(2N) in the neighbor-
hood of g = 0 and the value Ce?s/(2N)
in the neighborhood of q = 1. Because
of the approximate uniformity in each of
these neighborhoods, corrections closely
similar to those determined by Fisher
for the case of no selection should be
applicable.

Fixation occurs practically from only
a very few of the classes in these terminal
regions. Again because of the approxi-
mate uniformity of the frequencies in
each region,

ko = £(0)/(2N) = C/(4N)
ky = £(1)/(2N) = Ce?Ns/(4N)
k = C(1 + eXN9)/(4N)

Thus
C = 4Nk/(1 4 e™s)

f(q) = 2ke™sa(1 + Cpq
+ Calpg)* -+ )/ (1 4 &)

Lety = e®™sa(1 4 Cipg 4 Ca(pq)? - - +)
represent the relative value of an ordi-
nate calculated from 2Ns and the values
of the C’s given above. The ordinates
of the curve of unit area can be obtained
from the relation ¢(q) = y/foly dg. If
values of v are calculated at uniform
intervals from q = 0 to q = 1, the area

f
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of the curve can be estimated from a
quadrature formula. The following were
obtained from ordinates at intervals 0.1.

Quadrature rule

2

tions for small 2N. In the case 2N, = 10,
we obtain ko = .2066, k; = .0069 in com-
parison with .2019 and .0075 respectively,
the figures from direct determination of
the stable distribution for 2N = 10,

" ‘ . 2Ns = —3.4. The estimates for the
rape- Parabolic Correct .

zoidal  (Simpson’s) Gregory's values frequen(jles of the unfixed classes (by
2Nk, 2.0353  2.0659 2.06639 2.066,406 adjusting the relative ordinates at inter-
2Nk, 0679 0689 06896 068,962 vals of 0.1 to give the total, 1 — ky — k)
2Nk 2.1032 2.1347 2.13535 2,135,368

[t may be seen that the trapezoidal quad-
rature gives estimates of 2Nk that agree
with the actual values to two significant
figures, Simpson’s rule to four and Greg-
ory’s to at least five. The estimate of
2Nk derived from the criterion of con-
vergence is thus consistent with the
values of the terminal ordinates.

As the values ko = k; = 1/(4N) apply
exactly in the absence of selection for all
values of 2N, however small (in the ideal
case of completely random union of
gametes), it may be surmised that the
formulae given above as applying in the
presence of selection to very large popu-
lations will give fairly good approxima-

are more seriously in error (table 11) and
need correction of the type referred to.
The agreement in form for 2N = 10
(direct) and 2N = o« (no correction),
both for 2Ns — 3.4, is, however, sufhi-
ciently close that it may be surmised
that the form for 2N = 12, 2Ns —34,
determined directly, should be very close
to that for 2N = 10 and the same 2Ns
and thus will permit good estimates for
the unfixed classes (1/12 Bar to 11/12
Bar) even though the effective value of
2N is about 10 instead of 12. The ac-
tual values are given in the second
column of table 12 in comparison with
uncorrected estimates from the appro-
priate ordinates for 2N = «. We note
again that the rates of fixation agree

TABLE 12.  The theoretical distribution of geme frequencies, including newly fixed populations, after
stability of form has been aftained. Column 2: exact determinations for 2N = 12, 2Ns = —3.4.
Column 3: estimates of same from limiting curve. Column 4: newly fixed populations from 2N = 10,

2Ns = —3.4, unfixed populations rated down from Column 2. Column 5: estimates of same from
limiting curve. Column 6: observed populations. Column 7: expectations calculated from Col-
umn 4. Column 8: difference (x2 = 8.9). Column 9: expectations calculated for Column 5.

Column 10: difference (x® = 11.7).

2Ns = —-3.4
2No =12 2No =10
Calce.
Estimate Estimate Cale. 2N, =10
from from 2N, =10 from

Direct 2N =« Direct 2N =« Obs (Direct) Diff, 2N = = Diff.

0 .1689 1722 (.2019) (.2066) 65 59.6 +54 61.0 +4.0
1 .2059 .2346 1973 2244 57 58.2 —1.2 66.2 —9.2
2 1647 .1642 1579 1571 42 46.6 —4.6 46.3 —4.3
3 1214 1167 1163 116 35 34.3 +0.7 32.9 +2.1
4 .0894 .0842 .0857 .0806 27 25.3 +1.7 23.8 432
5 .0668 0619 0640 .0592 20 189 +41.1 17.5 +2.35
6 .0507 0462 .0486 .0442 19 143  +4.7 13.0 6.0
7 .0391 L0351 L0375 .0336 13 111 “+1.9 3.9 +3.1
8 .0306 .0271 .0293 0259 5 8.6 —3.6 7.7 —2.7
G 0241 0213 .0231 .0204 7 6.8 +40.2 60 +1.0
10 .0188 .0170 0180 0163 1 5.3 —4.3 4.8 —3.8
11 0134 .0138 .0129 .0132 2 38 —1.8 39 —19
12 0062 .0057 (.0075) (.0069) 2 2.2 —0.2 2.0 0.0
1.0000 1.0000 1.0000 1.0000 295 295.0 0.0 2950 0.0
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much better than the frequencies of the
unfixed classes.

The forms of these distributions can
be compared by plotting the frequencies
for 2N = 12 on a percentage scale in
which the units are 209, larger than those
used in plotting the distribution for
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2N = 10 (abscissas 0-12 in the former,
0-10 in the latter) and by plotting the
curve for 2N = o in such a way that it
has a unit area over the base 2N on the
appropriate scale of percentages whether
2N = 10 or 12. It may be seen that
the forms for 2N = 10 and 2N = 12

N 2N
=12 =10
35 42.
30 36.
25 30-
20 24-
|
15 18- !
‘ i
R
! [
o 12- 1 |
| ; |
5 6 l .
: Co| o
] : : |
A B bl
o O 1 : : 1 1
aIN=10 0 | 2 3 4 5 6 1 8 9

2N
%£N=u o 1 2 3 4

F16. 2.

10
5 6 7 8 ¢ 10 H 1

The theoretical distributions of gene frequencies, including the classes of newly fixed genes,

after attainment of stability of form, among populations in which 2Ns = —3.4, 2N = 12 (solid lines),

2N
2N

12 on the scales used).

10 (broken lines, except at q = 0, .5 and 1.0 at which there is agreement with the values for
The scale unit for percentage frequencies is 209, greater for 2N = 12

than for 2N = 10 to bring out the similarity of form. The distribution for 2N = o« is shown as a
smooth curve of unit area (base 10 or 12, each with the appropriate scale of ordinates).
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with respect to type (0) or Bar (12) in generations 4 to 10 (small circles).
Those for the newly fixed classes are based on the theoretical per-
Those for the unfixed classes apportion the re-

are indicated by vertical lines.

centages of fixation for 2N = 10, 2Ns = —3.4.

Lty

6 7 8 9 10 1l

The observed number of populations containing one to eleven Bar genes or newly fixed

The expected numbers

mainder according to the theoretical frequencies for 2N = 12, 2Ns = —3.4.

agree very closely, that for 2N = o« less
closely.

To test the goodness of fit of the ex-
perimental frequencies, the expected
numbers of newly fixed classes are de-
duced from the distribution for 2N = 10,
while those for the unfixed are deduced
from the relative frequencies of those for
2N = 12. The expected proportions are
shown in the fourth column of table 12.
Similar estimates from the curve 2N = o«
(uncorrected) are given in the next col-

umn. The observed distribution of
newly fixed and unfixed populations in
generations 4 to 10, combined, are shown
in column 6 and the expected values,
rated up to the same total, 295, in col-
umn 7 and 9. The differences are given
in columns 8 and 10. Calculation of x2
for the observed and direct estimates
gives 8.9 with 10 degrees of freedom,
probability .50-.70. Even the uncor-
rected estimates from the ordinates of
the curve for 2N = « gives a x? of only
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11.7, probability about .30. The esti-
mated rates of fixation from the latter,
taking 2N, = 9.74 instead of 10 come
out 21.29, for ko and 0.79 for k; in
comparison with observed 22.09, and
0.79%, (cf. fig. 3).

The calculation of the exact distribu-
tions for values of 2N and 2N, much
larger than 12 and 10 respectively would
be a very tedious matter. Estimates
from the curve for 2N = o, observed
2Ns, become increasingly satisfactory as
the observed 2N and 2N, become larger.
From the goodness of fit in the present
case, it appears that the method should
give comparisons of observation and the-
ory for larger populations, that are ade-
quate for most purposes, especially if the
corrections, derived from the case of no
selection, are applied to the subterminal
classes.

SUMMARY

Experiments with 108 very small pop-
ulations of Drosophila melanogaster in-
volving the mutation Bar and its allele
(four females and four males as parents
of each generation), carried to fixation
of one allele or to the tenth generation,
indicated little selective mortality, but
severe selection against Bar from low
productivity of homozygous Bar females
(379, of that of B/4+ or +/+) and Bar
males (269, of the 4-/0 in the absence of
B/B females, 599, in their presence).

Starting from 509, Bar genes in each
case, the distribution of frequencies soon
reached approximate stability of form
(about four generations) as type came
to be fixed at a rate of 22.09, per genera-
tion and Bar at a rate of 0.79, per gen-
eration. After generation 10, type had
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been fixed in 95 lines, Bar in three and
10 were still unfixed.

The form of the distribution agreed
well with that expected in a population
of effective size 729, of the actual size
and an empirically determined rate of
change of the frequency (q) of the Bar
gene, Aq = —.35q(1 — q). The limit-
ing form of the distribution curve for
indefinitely large populations, but the
observed value of 2ZNs, is derived, and
shown to give a basis for fairly good esti-
mates even with such small populations
as in these experiments.
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